A three-dimensional vibration study is presented using the three-dimensional theory developed by Chao et al. [34}39] for a variety of simply supported shallow spherical, cylindrical, plate, and saddle (hyberbolic) panels in rectangular planform. A complete survey and comparison of existing literature have been made with excellent lowest frequencies via a 3-D augmented energy variational approach. In all of these shell con"gurations, natural frequencies are noted to decrease in the above-mentioned order according to minimum total potential energy in the natural state.
INTRODUCTION
There are numerous papers published on vibration of shells and shallow panels. The present work is a general survey of and comparison with the literature focused on free vibration of the various curved panels, isotropic [1}5, 7}9] and laminated composite [10}42], on simple supports. The most commonly studied geometric con"gurations are of the cylindrical and spherical types of construction, but there are a few of the hyperbolic or saddle shapes [5, 41] . As to composites lamination, most are reported on cross-ply with a few on angle-ply constructions [6, 14, 19, 23, 28, 40] . Fundamental theories have been evolving through the classical shell theory [1}4, 6}9, 26] , "rst order shear deformation theory (FSDT) [5, 10}21] , and higher order shear deformation theory (HSDT) [22}25, 27}28] . Numerical methods include "nite elements [4, 9, 13, 15}18, 31] , B spline functions and "nite strips [7}9, 19, 20, 28] , and boundary domain elements [21] . In recent years, there has been strong tendency to pursue the three-dimensional analysis [29}42] on more rigorous grounds.
To start with free vibration of the isotropic curved panels, fundamentals frequencies of aluminium cylindrical panels were studied by Deb Nath [1] in 1969.
Formulas for natural frequency and mode shape were also available in Belvins [2] and Soedel [3] for the linear classical thin shell theory. The results were checked again by Bardell and Mead [4] by use of the hierarchical "nite element method with displacement "elds in Legendre polynomials. Kobayashi and Leissa [5] solved the non-linear problem of large-amplitude free vibration of thick shallow shells using the FSDT and Galerkin's procedure. By using the B spline function, the associated "nite strip, and "nite element analysis, Shen and Wan [7] , Geannakakes and Wang [8] , and Fan and Luah [9] performed a series of vibration analyses of spherical and cylindrical shell panels.
Secondly, a general review and comparison is made on laminated shell panels. Vibration and buckling of cross-ply laminated circular cylindrical panels were discussed in the early work of Sinha and Rath [10] . Bert and Kumar [11] analyzed the vibration of cylindrical shells of bimodulus composite materials on a shear deformation basis. Reddy [12] obtained a solution for fundamental frequencies of moderately thick laminated cylindrical and spherical shells by using the "rst order shear deformation theory with a shear correction factor. Finite element analyses for free vibration natural frequencies of cross-ply laminated cylindrical panels were performed by Fong [13] , Ganapathi et al. [15] , Chakravorty et al. [16, 17] , Goswami and Mukhopadhyay [18] , and a spline strip analysis of Mizusawa and Kito [20] , based on FSDT. Natural frequencies of antisymmetric angle-ply laminated circular cylindrical panels were also reported by Soldatos [6] using the classical shell theory and Galerkin method, by Kabir and Chaudhuri [14] using FSDT, and by Mizusawa and Kito [19] using the spline strip method. Wang and Schweizerhof [21] established the boundary-domain element method for free vibration of moderately thick laminated orthotropic shallow shells in which a shear correction factor of was also used. The higher order shear deformation theory HSDT was developed by Reddy and Liu [22] for shells laminated in orthotropic layers by setting shear stress free on the lateral surfaces without regard to transverse normal stress condition and the interlaminar transverse stress continuity. Bending and frequencies were treated for cross-ply cylindrical and spherical shell panels. Soldatos [23] discussed the in#uence of thickness shear deformation on free vibrations of rectangular plates, cylindrical panels and cylinders of antisymmetric angle-ply construction. Librescu et al. [24] , and Palazotto and Linnemann [25] investigated free vibration and buckling of laminated composite shallow shell-type panels using HSDT. A three-dimensional version for vibration and stability studies on simply supported cross-ply doubly curved shells was proposed by Wu et al. [27] in terms of conventional stress resultants and stress couples.
In three-dimensional analysis, Bhimaraddi [29] investigated the free vibration of doubly curved shallow shells in rectangular planform with interface continuity of three-dimensional displacements and transverse stresses without considering the Poisson strain e!ects. Analytical solutions for three-dimensional deformation, stress and free vibration of thick, doubly curved, laminated shells were obtained by Fan and Zhang [30] . Beakou and Touratier [31] developed a rectangular "nite element for analyzing composite multilayered shallow shells in statics, vibration and buckling with interface continuity and lateral surface conditions of transverse 1010 shear stresses represented by cosine functions without regard to the interfacial transverse normal stress. Ye and Soldatos [32] discussed three-dimensional vibration of laminated cylinders and cylindrical panels with symmetric and antisymmetric cross-ply lay-up using likewise 3-D surface conditions and interface continuity. In general, the di$culty in applying the three-dimensional theory lies in the unavailability of proper three-dimensional material mechanical properties. Philippidis [33] found a way to calculate the transverse Poisson's ratio in "ber reinforced laminae by means of a hybrid experimental approach. The three-dimensional consistent higher order theory has been developed by Chao et al. [34}39] with successful application to stress, vibration, impact and shock of the laminated plates and shell panels. Emphasis is placed on consistence with the three-dimensional boundary condition and interlaminar stress continuity, exterior and interior, respectively, as shown in equations (1)}(5), of which no existing literature has taken into full account. Satisfaction of these complicated conditions of the real physical world are implemented by e!ective use of the higher order displacement "elds and Lagrange multipliers via a 3-D augmented energy variational approach. A layer wise analysis for free vibration of thick composite cylindrical shells was done by Huang and Dasgupta [40] by using characteristic beam functions in the in-plane directions and quadratic "nite element interpolation in the thickness direction. In the mean time, Huang [41] reported an exact analysis for three-dimensional free vibrations of cross-ply cylindrical and double curved laminates using the 3-D equations of motion and power-series method. Wu et al. [42] published their re"ned asymptotic theory, in which slightly increased frequencies appeared when expanded to order four.
In the present study, a thorough analysis and survey of doubly curved shallow shell panels, including cylindrical, spherical and saddle forms made up of symmetric or antisymmetric, cross-ply or angle-ply lay-ups is made in the essence of three-dimensional elasticity as compared to the literature. The natural frequencies obtained in the numerical analysis are among the lowest known in the literature, because of the thorough consideration given to the three-dimensional boundary conditions and interlaminar continuity to meet the physical requirements of the natural state.
THEORETICAL FORMULATION
Consider a K layered curved panel of arc lengths a, b and thickness h with simple supports. In the treatment of the various problems of interest, it may pertain to any one of the following three types of boundary conditions, in which local stresses and displacements are discussed rather than the global stress resultants and stress couples in the conventional theories of plates and shells.
THREE-DIMENSIONAL BOUNDARY AND INTERLAMINAR CONDITIONS
The conventional edge boundary conditions are modi"ed in the essence of three-dimensional elasticity in terms of local displacements and stresses for the various support con"gurations for the 3-D boundary conditions as shown in equations (1)}(4). In the present study of free vibration, the entire laminated panel is considered surface traction free over both lateral surfaces. Both the natural and geometrical edge conditions are justi"ed by admissible displacement functions exactly everywhere over the four edges for cross-ply laminations, while speci"ed geometric edge conditions are justi"ed for angle-ply and other laminations. Three types of simply supported edge boundary conditions are treated.
ateral surface traction free conditions:
S ,xed pin supported edges:
S higher-roller support edges:
S sliding pin supported edges:
The surface conditions are labelled as F G and F ) G for transverse normal and shear stresses free at the bottom and top surface respectively. Pasternak or Winkler mode elastic foundation may be incorporated into the surface condition if required.
Interlaminar continuity: Since individual displacement "elds are assumed for each layer of the laminate, interlaminar continuity of layer displacements in 1012 addition to transverse stresses must be satis"ed at each interface between adjacent layers:
where, for simplicity, the interlaminar conditions are denoted as F I G with subscripts 1, 2, 3, for the transverse stresses VX , WX , XX and 4, 5, 6 for layer displacement u, v, w. The superscripts # and ! denote the upper and lower surface of the respective layers. Layers are numbered from the bottom upwards.
THREE-DIMENSIONAL DISPLACEMENT FIELDS
Three-dimensional displacement "elds are assumed according to the various edge boundary conditions as above for each layer in terms of double Fourier series of x, y for the in-plane co-ordinates and polynomials in z to proper higher orders for the out-of-plane co-ordinate,
S
,xed pin displacement ,eld:
where
S sliding pin displacement ,eld:
THREE-DIMENSIONAL ENERGY VARIATIONAL APPROACH
Strain components in a layer: In accordance with the three-dimensional shell theory [34, 37] , the small strains are expressed in terms of the displacement
where R V and R W denote the principle radii of curvature of the curved panel in the x and y directions respectively. In#uence of the double curvatures has been considered in corresponding terms in the above equations.
Stress components in a layer: The three-dimensional stresses in the shell panels are obtained by using the anisotropic constitutive law of composites. In most of the numerical examples in the referenced literature, the 3-D property data were incomplete. The N can be calculated as per equation (13) in reference [33] and the transverse shear modulus
Energy formulation: In derivation of the modi"ed equations of motion with the surface conditions and interlaminar continuity included via a 3-D augmented energy variational approach, the total potential is composed of the strain energy, kinetic energy, and the above-mentioned constraints enforced by the use of Lagrange multipliers.
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Modi,ed¸agrange1s equations: The three-dimensional displacement can be partitioned into the lower-and higher-order parts denoted by vectors ; J and ; F , namely,
Using the lateral surface and interlaminar constraint conditions as above, the six degrees of freedom of the higher order part can be eliminated in each layer for each Fourier series component. A system of modi"ed Lagrange's equations of motion is obtained via energy variation with respect to the generalized displacements and Lagrange multipliers: [M] and [K] are the mass and sti!ness matrices of the system, which can be converted to reduced forms by use of the lower order displacement alone.
Assuming simple harmonic motion in free vibration, the following eigenvalue problem is derived:
where is the natural frequency of the free vibration.
RESULTS AND DISCUSSION
By use of the present three-dimensional theory of laminated shells, a generally survey is made in this work focusing on free vibration of the various simply supported curved panels of rectangular planform. Numerical results are compared with other results in the literature in the order of isotropic and laminated composites, cross-ply and angle-ply in the cylindrical, spherical and hyperbolic con"gurations. Di!erent displacement "elds are used for di!erent boundary conditions as the case pertains to. Basically, the concepts of constant or averaged transverse shear of the FSDT, and the parabolic transverse shear distribution of the HSDT are inconsistent with real physics to account for three-dimensional boundary conditions of no surface traction in free vibration and the interface continuity of displacements and transverse stresses. The present theory are rigorous in that all these conditions are taken into consideration through a 3-D augmented energy as variational approach in persuit of a natural state for minimum potential energy as required in the theory of elasticity. As a result, all natural frequencies obtained in the present study are almost the lowest among all other results in the literature, with few exception bearing an * marks which will be accounted for when it occurs.
ISOTROPIC CURVED PANELS
Firstly, consider several isotropic aluminum alloy cylindrical panels of axial length a"27)94 cm and arc length b"22)86 cm. The present results give the lowest frequencies as compared against Deb Nath [1] , Bardell and Mead [4] , and calculated values from Soedel [3] as shown in Table 1 .
Natural frequencies of the "rst ten/twelve modes of the isotropic cylindrical/spherical curved panels of square planform are shown in Table 2 in comparison with the results of Shen and Wan [7] , Geannakakes and Wang [8] , Fan and Luah [9] , and values calculated as per Blevins [2] . In this case study, the S hinge-roller support displacement "elds are adopted. Two frequencies in reference [8] using B -spline "nite strips in the classical thin shell theory with exact curvatures incorporated in the in-plane normal strains are found to be slightly lower in the case of cylindrical panels. Otherwise, the present results yield the lowest frequencies of all <arious isotropic shells: Table 3 shows the fundamental frequencies of various isotropic shell panels as compared to Kobayashi and Leissa [5] , in which larger amplitude vibrations were investigated on a non-linear FSDT basis using shear correction factor " . Case studies include spherical and saddle panels of square and rectangular plan forms for various thicknesses and radius parameters. Also studied are thin to thick spherical and cylindrical panels versus aspect ratio b/a. The present results give the lowest frequencies except for one case of thin spherical shell where a loose discount of " in their shear modulus was used in the FSDT formulation. It is understood that FSDT might be easier for the complicated non-linear analysis. Henceforth, no speci"c accounts and comments will be given when lower frequencies reported elsewhere from FSDT or CSD as referred to later in reference [29] for constant shear deformation are listed.
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CROSS-PLY CURVED PANELS
Cylindrical cross-ply: To demonstrate the e!ect of aspect ratio, the normalized fundamental frequencies of the [0/90] cross-ply cylindrical shell shallow panels of radius R"40h and arc length b"20h are listed in Table 4 . The present three-dimensional analysis of S reveals the most favourable frequencies in comparison with Sinha and Rath [10] , Bert and Kumar [11] , Fong [13] , Beakou and Touratier [31] , and Huang and Dasgupta [40] .
The e!ects of thickness and curvature are considered as follows. In Table 5 , normalized fundamental frequencies " a ( /E h) are examined versus the 3-D VIBRATION OF CURVED PANELS 
radius-to-axial-length ratio R W /a for the 2, 3, 4 layered symmetric/antisymmetric thick and thin cross-ply cylindrical shell panels of equal axial length a and arc length b. The limiting case becomes a #at plate. Veri"cation has been made against Reddy [12] and Chakravorty et al. [16] . In reference [12] , a shear correction factor 1018 Same material properties as in Table 4 . N "0)572 for SN .
" was used. It seems unreasonable to assume all equal the Poisson ratios as in Table 4 in all three dimensions. Therefore, the transverse Poisson's ratio N "0)572 is calculated as per Philippidis [33] . Also shown in Table 6 are the fundamental frequencies in rad/s for the thick/thin [0/90] 1 roller supported cylindrical shell panels with a"b, h"1)0 in, as compared to Reddy and Liu [22] , and Palazotto and Linnemann [25] , in which an extremely large value of "1)0 slug/in was assumed. Additional computation for density ! "1)77;10\ slug/in has been done for the case of graphite/epoxy. As another example, Table 7 shows the variations of normalized fundamental frequencies of simply supported cylindrical panels with radius-to-axial-length R W /a from 1 to 1000. The [20] ( "5/6), traditional HSDT of Reddy and Liu [22] and Librescu et al. [24] , and HSDT-based spline strip method of Mizusawa [28] .
Spherical cross-ply: The e!ects of thickness of curvature of cross-ply square spherical panels are discussed in Tables 8}10. To start with the typical thin shells of a/h"100, Table 8 
spherical shell panels to Reddy [12] with " , Ganapathi et al. [15] , Chakravorty et al. [17] and Goswami and Mukhopadhyay [18] and Fan and Zhang [30] .
For moderate thickness a/h"10, normalized fundamental frequencies of the 2, 3, 4 layered cross-ply square spherical shallow shell panels are shown in Table 9 for 1020 the various radius-to-curved-length ratio from R/a"5 to #at plates. Material properties are the same as in Table 7 . The present results checked well with traditional higher order theory of Reddy and Liu [22] , Librescu et al. [24] , Wu et al. [27] , and Chao and Tung [37] . Same material property as in Table 7 .
3-D VIBRATION OF CURVED PANELS
To show the di!erence between the moderately thick and thin lamination, Table  10 is presented for the "rst "ve mode natural frequencies of the [0/90] 1 square spherical shallow shell panels. Veri"cation has also been made against Reddy [12] with "
, and Wang and Schweizerhof [21] . Cylindrical versus spherical panels: Comparison of cross-ply cylindrical and spherical curved panels for the same material, thickness, stacking sequence and curvature is made in Table 11 . Normalized fundamental frequencies of the cross-ply cylindrical and spherical shell panels are examined for thickness ratio h/a"0)05, 0)10 and 0)15, and radius-to-side-ratio R/a"1, 2 , 10 with Bhimaraddi's [29] constant shear deformation (CSD or FSDT) parabolic shear deformation (PSD or HSDT), and 3-D analysis. Strictly speaking, the single-terms assumption for the three-dimensional stresses in reference [29] is to ignore the Poisson ratio e!ects on the sti!ness in other directions, and thereby lower frequency results. A few lower CSD frequencies are noted for a reduced shear modulus by use of " /12. The present frequency results are also the lower when compared to those of Leissa and Qatu's [26] elastic deformation study, Ye and Soldatos's [32] 3-D study, and Wu et al. [42] re"ned asymptotic theory.
Spherical and saddle panels: To check the e!ects of curvature in opposite directions, Table 12 presents the "rst eight modes of normalized frequencies " R W ( /E ) for the cross-ply moderately thick spherical and saddle shell panels, with a"b"10h for two to 10 layers in comparison with Huang [41] 
three-dimensional analysis. The present results are generally of lower frequencies except for the nine out of 160 cases compared.
ANGLE-PLY SHELL PANELS
Now, consider the angle-ply cylindrical shallow panels. Convergence of the normalized fundamental frequency of the [$45] cylindrical panels of shallowness angle "203 is "rstly examined in 
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C2 in references [23, 19, 28] .
enough to attain good convergence, and the present results are considerably lower than those of Soldatos [6] , and Kabir and Chaudhuri [14] . To show the e!ects of number of layers, shallowness angles and "ber orientations, the normalized fundamental frequencies " b ( /E h) are shown in Table 14 for the antisymmetric laminated cylindrical panels with thickness ratio "xed at a/h"20, number of layers from 2 to in"nity, shallowness angle "303 and 453, and "ber orientations "03, 303, 453, 603 and 903. By use of the S displacement "elds, a good comparison has been done with Soldatos [23] , Mizusawa and Kito [19] , Huang and Dasgupta [40] , and Mizusawa [28] in which an HSDT-based spline strip method was used. The present results are remarkably lower than all of theirs. However, reference [40] was the closest correspondence as a result of the same three-dimensional point of view in spite of di!erent solution methods. In the case of angle-ply, the S -type displacement "eld is used because of its suitability for tangential movement along the edges.
VARIOUS PANEL CONFIGURATION
In an overview that follows, a series of various doubly curved shallow shell panels is discussed for the e!ects of stacking sequence, geometrical 
con"guration, curvatures in opposite directions, thickness, and type of boundary conditions. Symmetric cross-ply: As a typical example, comparison of natural frequencies is made for the various shaped moderate thick to thin symmetric [0/90] 1 cross-ply curved panels of square planform. For ease of normal movements along edges, typically S boundary condition and displacement "elds are employed in numerical computation. Results of S "xed pin supports are also given for the plates with only slight di!erence. Increasing frequencies are noted for the "rst six modes in Table 15 in the order of saddle, plate, cylindrical and spherical shallow shells in accordance with the minimum total potential energy principle for the various geometrical con"gurations.
Symmetric angle-ply: In a "nal example, natural frequencies are discussed in Table 16 for the "rst few modes of the simply supported [45/!45] 1 symmetric angle-ply square plan form curved panels from moderate to thin thickness. Both S and S -type edge boundary conditions and displacement "elds have been used for the saddle, plate, cylindrical and spherical panels. It is noted that natural frequencies are to increase in the same order as the cross-ply above. S is the most suitable for angle-ply of the all except for the spherical shapes for which the S functions are preferred. Note: Same geometry and material properties as in Table 15. 4. CONCLUSIONS 1. A complete survey of the literature has been conducted and comparison with it made on free vibration of composite laminated shallow shell panels according to the present three-dimensional theory. Lowest frequencies are obtained in the order of saddle (hyperbolic), #at plate, cylindrical and spherical con"gurations in accordance with the minimum total potential energy. 2. The present three-dimensional semi-analytical solution is based on the theory of elasticity. Unlike the traditional theories of plates and shells, the 3-D boundary conditions and interlaminar continuity of layer displacements and 3-D VIBRATION OF CURVED PANELS transverse stresses are satis"ed by use of the assumed admissible displacement "elds and Lagrange's multipliers via a 3-D augmented energy variational approach to the natural state. 3. A system of three-dimensional higher order displacement "elds has been developed for a variety of edge boundary conditions such as S "xed pin, S hinge-roller, and S sliding pin supports in consistence with physical reality and mathematical requirements. Cases other than simply supported will be treated in follow up papers. 4. In general, the S displacement functions are most suitable for cross-ply and S for angle-ply curves panels for ease of normal and tangential movements along edges, respectively. In certain circumstances of symmetric angle-ply thin spherical panels, edgewise sliding is likely to be hindered by the double curvature, and the S displacement functions are preferred for lower frequencies.
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